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It is shown that the results of the Super-Kamiokande atmospheric neutrino experiment, interpreted
in terms of  $  oscillations, can probe possible decoherence eects induced by quantum gravity
with very high sensitivity, supplementing current laboratory tests based on kaon oscillations and on
neutron interferometry. The implications for  $  accelerator searches are briefly discussed.
PACS: 14.60.Pq, 04.60.-m
The Super-Kamiokande (SK) atmospheric neutrino
experiment has found convincing evidence [1] for the
quantum-mechanical phenomenon of  flavor oscillations
[2] in the  $  channel. Such evidence consistently
emerges from dierent SK data samples (sub-GeV lep-
tons, multi-GeV leptons, and upgoing muons [3]) as well
as from other atmospheric  experiments [4].
The simplest model for  $  oscillations involves
two neutrino states 1 = (1; 0)T and 2 = (0; 1)T with
masses m1 and m2, and two flavor states  = (c; s)T
and  = (−s; c)T , where  is the neutrino mixing an-
gle, c = cos, s = sin, and T denotes the transpose. The
Liouville evolution equation for the  density matrix ,
_ = −i[H; ] ; (1)








where k = m2=2E, m2 = m22 − m21, and E  m1;2
is the neutrino energy (in natural units). By solving the
above equations with initial conditions (0) = µ , where
µ =  ⊗ y is the  state projector, one obtains the
 survival probability after a flight length x(’ t),
P ( $ ) = Tr[µ(t)] = 1−
1
2
s22(1− cos kx) ; (3)
which is the well-known oscillation formula [2].
Equation (3) beautifully ts the SK data [5] over a
wide range of  energies (E  10−1{103 GeV) and flight
lengths (x  101{104 km), provided that m2 ’ 3 
10−3 eV2 and s22 ’ 1 [5,6]. Such striking agreement
severely constrains possible deviations from the standard
hamiltonian H in Eq. (2) [6,7]. In this work we make a
further step, and show how the SK data can be used
to constrain deviations of a more fundamental nature,
namely, violations of the Liouville dynamics in Eq. (1).
Such violations were suggested by Hawking in the con-
text of black-hole thermodynamics [8]. He argued that
generalizations of quantum mechanics which encompass
gravity should allow the evolution of a pure state into a
mixed state [9], thus violating Eq. (1). From this view-
point, any physical system is inherently \open," due to
its unavoidable, decohering interactions with a pervasive
\environment" (the spacetime and its Planck-scale dy-
namics [10]). Equation (1) should then be supplemented
by an extra term responsible for decoherence,
_ = −i[H; ]− D[] ; (4)
where the operator D, possibly derived by a theory of
quantum gravity, has the dimension of an energy. The
inverse of D has the dimension of a (coherence) length,
after which the system state typically gets mixed [11].
Following the pioneering paper [12], decoherence ef-
fects inspired by quantum gravity have been investigated
in oscillating systems which propagate over macroscopic
distances (see [13] for reviews). Analyses have been
mainly focused on KK oscillations [12,14,15] and on neu-
tron interferometry [12,16], by assuming reasonable phe-
nomenological forms for D. In both systems, no evidence
has been found for D 6= 0, and stringent limits have been
derived on the quantities parametrizing D [13]:
jjDjj < 10−21 GeV (KK; n systems) : (5)
Other systems, such as BB oscillations, have not yet
reached such sensitivity [17]. Some theoretical estimates
predict [13,18], for typical low-energy experiments in
the GeV range, decoherence eects as \large" as D 
O(H2=MP )  O(10−21 GeV), thus stimulating novel ap-
proaches to improve the laboratory limits (5).
One such approach can be provided by  oscillations
[19], with the advantage that neutrinos, unlike kaons and
neutrons, propagate without decaying [20]. Indeed, at-
tempts have been made to explain the solar  decit
through decoherence [19,21,22]. It has also been sug-
gested that decoherence might play a signicant role in
the interpretation of atmospheric  data [22,23] although,
to our knowledge, no detailed analysis of the SK results
has been attempted so far. The crucial point is that, for
typical atmospheric  energies (1001 GeV), the oscil-
lation length  = 2=k spans the range  1031 km;
then, if the (de)coherence length ‘ induced by quan-
tum gravity is of comparable size, terms as small as
jjDjj  ‘−1  10−221 GeV can be probed, improving
the sensitivity in (5) by up to two orders of magnitude.
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We specialize Eq. (4) under reasonable (although not
compelling) phenomenological assumptions. The most
general requirement is perhaps that of complete positivity
[24,25], corresponding to assume a linear, Markovian, and
trace-preserving map (0) ! (t). This implies the so-




f; DnDyng − 2DnDyn ; (6)
where the operators Dn arise from tracing away the en-
vironment dynamics (see [27] for a recent proof). Mas-
ter equations of the Lindblad form are ubiquitous in
physics; they appear, e.g., in quantum optics [28], molec-
ular dynamics [29], quantum-to-classical transition [30],
and quantum computation [31] (see also [32,33] for the-
orems and applications). Concerning  oscillations, such
equations emerge from the study of  interactions with
dissipative environments such as, e.g., matter with fluc-
tuating density [34], the early universe [35], or thermal
baths [36]. Here, however, the environment is a very spe-
cial one|the spacetime \foam" [10]|for which there is
no established theory.
In the absence of rst-principle calculations, we assume
that at least the laws of thermodynamics hold in the 
system. The time increase of the van Neumann entropy
S() = −Tr( ln ) can be enforced by taking Dn = Dyn
[37], so that Eq. (6) becomes D[] = Pn[Dn; [Dn; ]].
The conservation of the average value of the energy
[Tr(H)] requires, in addition, that [H; Dn] = 0 [14,38].
The hermitian operators , µ , H , and Dn, can be
expanded [32] onto the basis formed by the unit matrix
















dn   ; (10)




jdnj21− dn ⊗ dTn ; (11)
Eq. (4) is transformed into a Bloch vector equation
_p = k  p−G  p ; (12)
which has a simple physical interpretation: the standard
term k  p induces  oscillations, while the decoherence
term G  p is responsible for their damping [32,36].
The requirement [H; Dn] = 0 implies that each vector
dn is parallel to k [38,39]. Therefore, the tensor G takes
the form G = diag(γ; γ; 0) with γ =
P
n jdnj2  0 [40].





















−γt cos kt +e−γt sin kt 0




If the system is prepared in the pure (zero entropy) 
state [p(0) = q], the asymptotic nal state is p(1) =
(0; 0; c2). Since Tr[2(1)] = (1 + c22)=2 < 1 and
S[(1)] = −c2 ln c2 − s2 ln s2 > 0, the system evolves
indeed into a mixed state with positive entropy. Maxi-
mal entropy (S = ln 2) corresponds to maximal  mixing
(s22 = 1). Purity and entropy are conserved only if  is
prepared in a pure mass eigenstate [p(0) = (0; 0;1)T ].




(1 + qT  V  q)
= 1− 1
2
s22(1− e−γx cos kx) ; (15)
which reduces to the standard expression (3) in the limit
γ ! 0. For γx  O(1), one expects signicant devia-
tions from the standard oscillation t to the SK data.
We study such eects quantitatively, by computing the
theoretical SK lepton distributions in zenith angle (#),
and by tting them to the SK data through a 2 statis-
tics, as extensively discussed in [6]. The main dierence
from [6] is: (i) the 30 data bins for the SK distributions
refer to a longer detector exposure (52 ktonyear [5]); (ii)
the oscillation probability is here taken from Eq. (15).
In the 2 t to the data, the three parameters
(m2; s22; γ) are left free. The best t (
2
min = 22:6)
is reached for m2 = 3 10−3 eV2, s22 = 1, and γ = 0,
which corresponds to the standard case of  $ 
oscillations|no evidence is seen to emerges for deco-
herence eects induced by quantum gravity. Therefore,
meaningful upper bounds on the parameter γ can be
placed. By taking 2 − 2min = 6:25 (corresponding to
90% C.L. for three degrees of freedom), we get
γ < 3:5 10−23 GeV (atmospheric ) : (16)
The limits at 95% and 99% C.L. are found to be 4:1 
10−23 GeV and 5:5 10−23 GeV, respectively.
In the assumption that D can be eectively compared
in the dierent K, n, and  systems, the limit (16)
shows that, using atmospheric  oscillations, the present
sensitivity (5) to quantum gravity decoherence eects
can be improved by a factor  102. Moreover, since
‘ = γ−1 > 5600 km, atmospheric  decoherence|if
any|can occur only on a scale greater than the Earth
radius.
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FIG. 1. Eects of decoherence (γ 6= 0) on the predicted
distributions of lepton events as a function of the zenith angle
(#). The SK data are shown as dots with 1 error bars.
The histograms represent our theoretical calculations. In each
bin, the electron (e) and muon () rates R are normalized to
standard (no oscillation, no decoherence) expectations R0.
The t to upgoing muons appears to prefer γ = 0.
Figure 1 shows the zenith distributions of SK events
for best-t standard oscillations (γ = 0, solid line) and in
the presence of a signicant decoherence term (γ = 10−22
GeV, dashed line). The electron (e) distributions of
events are unaected (Pee = 1). In the sub-GeV 
sample, decoherence is almost unobservable, due to the
large intrinsic smearing [6] of both energy and angle. In
the multi-GeV  sample, the transition from no oscil-
lation (P  1 for cos#  1) to averaged oscillations
(P  1=2 for cos#  −1) is made only slightly faster
by decoherence eects. Such eects are instead dominant
in the higher-energy sample of upgoing , where the os-
cillation phase kx is small, and decoherence generates a
much faster suppression of vertical muons (cos #  −1),
corresponding to the longest  flight lengths. The wide
energy range probed by the SK experiment proves to be
crucial for tests on nonstandard scenarios [7].
So far we have assumed γ = const. However, dimen-
sional arguments [D  H2=MP ] suggest a possible energy
dependence, γ / E2 [22]. Dening γ = γ0  (E=GeV)2,
and repeating the analysis with (m2; s2; γ0) free, we
nd that the best t is obtained in the absence of de-
coherence (γ0 = 0), and that γ0 < 0:9  10−27 GeV at
90% C.L. Such limit is again dominated by the upgoing
 sample, where decoherence eects quadratic in energy
would produce a dramatic suppression, contrary to ob-
servations. Finally, we have also analyzed the SK data
without oscillations [H = 0, corresponding to k = 0 in
Eq. (15)]. We nd a bad t both for γ = const (2 > 49)
and for γ / E2 (2 > 70), indicating that|at least
in these two cases|the SK results cannot be explained
through decoherence eects only.
The results (16) can be compared with independent
limits coming for accelerator searches in the the  $ 
channel. In short baseline experiments such as CHORUS,
NOMAD, and CCFR [41], the oscillating phase kx in
Eq. (15) is very small for m2 ’ 3  10−3 eV2, and
P = 1 − P ’ γx=2 at rst order in x (for s22 = 1).
Then the best current results in this class of experiments
[42], P=x < 2  10−4=km, leads to the upper bound
γ < 810−23 GeV, which is only slightly weaker than in
Eq. (16). Such limit can be improved, since the CHORUS
and NOMAD data analyses are to be completed [42].
Long baseline experiments (such as K2K, MINOS, and
the CERN-to-Gran Sasso project [42]) are expected both
to conrm the  $  interpretation of the SK results,
and to reveal the oscillation pattern (currently hidden
by large smearing eects, as evident from Fig. 1). When
such pattern will be established, its possible damping
through decoherence will be much more constrained.
From a theoretical viewpoint, several extensions can
be envisaged. One could obtain more general evolu-
tion equations, e.g., by removing the energy conserva-
tion constraint, which entails problems with locality and
Lorentz invariance [14,43] (see, however, [38,44]). More
radical extensions are possible by dropping linearity [45],
Markovianity [44,46], or the basic role of  [47]. It has
also been suggested that decoherence eects might arise
from flavor-dependent interactions into an extra dimen-
sion [48]. Our results indicate that such investigations
should consider, besides the usual KK system, also at-
mospheric ’s as a relevant application.
In conclusion, we have performed a phenomenologi-
cal analysis of violations of Liouville dynamics (inspired
by theories of quantum gravity) in the context of atmo-
spheric  $  oscillations. Within a simple model
embedding the relevant physics (oscillations plus deco-
herence), we have found that the Super-Kamiokande data
can constrain decoherence eects with very high sensitiv-
ity, supplementing current laboratory tests of quantum
gravity. Some directions for further experimental and
theoretical studies have been highlighted.
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